Abstract. The paper concerns a result in linear algebra motivated by ideas from tropical geometry. Let A(t) be an n × n matrix whose entries are Laurent series in t. We show that, as t → 0, logarithms of singular values of A(t) approach the invariant factors of A(t). This leads us to suggest logarithms of singular values of an n × n complex matrix as an analogue of the logarithm map on (C * ) n for the matrix group GL(n, C).
Introdcution
This paper is intended for general mathematics audience and hopefully is accessible to interested undergraduate mathematics students.
Let A ∈ Mat(n, C). Recall that the singular values of A are square roots of the eigenvalues of the Hermitian matrix AA * . The singular value decomposition states that there are n × n unitary matrices U , W such that A = U DW where D is a diagonal matrix with singular values of A as its diagonal entries.
There is a non-Archimedean analogue of the singular values decomposition usually referred to as the Smith normal form theorem. Here one replaces C with the field of fractions of a principal ideal domain. We will be interested in the case of field of formal Laurent series. Let O = C [[t] ] be the algebra of formal power series in one variable t and let K = C((t)) be its field of fractions which is the field of formal Laurent series in t. Let A(t) = (A ij (t)) ∈ Mat(n, K). The Smith normal form theorem in this case states that there are matrices P (t), Q(t) ∈ GL(n, O) and a digonal matrix τ (t) ∈ Mat(n, K) such that A(t) = P (t)τ (t)Q(t) and moreover the diagonal entries of τ (t) are of the form t v1 , . . . , t vn , where v i ∈ Z. With slight abuse of terminology we refer to the v i as the invariant factors of A(t).
Let us assume that A(t) is convergent for a punctured neighborhood of the origin, that is, there exists > 0 such that all the A ij (t) are convergent for any 0 < |t| < . In this paper we prove the following statement: Theorem 1.1. For sufficiently small t = 0, let d 1 (t) ≤ · · · ≤ d n (t) denote the singular values of A(t) ordered increasingly. Also let v 1 ≥ · · · ≥ v n be the invariant factors of A(t) ordered decreasingly. We then have:
The motivation to consider this statement comes from tropical geometry and attempt to generalize the notions of (Archimedean) amoeba and tropical variety (non-Archimedean amoeba) for subvarieties in (C * ) n to subvarieties in GL(n, C). This is related to tropical geometry on so-called spherical varieties and spherical tropicalization. We give a proof of Theorem 1.1 in Section 5. Before that we briefly review motivating material from tropical geometry and we also recall some background material from linear algebra.
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Tropicalization and non-Archimedean amoebae
From point of view of algebraic geometry, tropical geometry is concerned with describing the asymptotic behavior, or behavior at infinity, of subvarieties in the algebraic torus (C * ) n where C * = C \ {0}. A subvariety of (C * ) n is usually called a very affine variety. The behavior at infinity of a subvariety Y ⊂ (C * ) n is encoded in a piecewise linear object (a fan) called the tropical variety of Y .
Since intersection theoretic data is stable under deformations, tropical geometry can often be used to give combinatorial or piecewise linear formulae for intersection theoretic problems. Many developments and applications of tropical geometry, at least in algebraic geometry, come from this point of view.
Let K = C((t)) be the field of formal Laurent series in one indeterminate t. Then
is the field of formal Puiseux series. It is the algebraic closure of the field of Laurent series K. The field K comes equipped with the order of vanishing valuation ord t : K \ {0} → Q defined as follows: for a Puiseux series f (t) = ∞ i=m a i t i/k , where a m = 0, we put ord t (f ) = m/k. The valuation ord gives rise to the tropicalization map trop from (K * ) n to Q n :
n be a subvariety. The tropical variety of Y , denoted trop(Y ), is simply defined to be the image of Y under the map trop. One shows that the tropical variety of a subvariety always has the structure of a rational polyhedral fan in R n , that is, it is a finite union of convex rational polyhedral cones which intersect along their common faces. Interested reader is referred to the interesting book [Maclagan-Sturmfels04].
Logarithm map and Archimedean amoebae
For t > 0, the logarithm map Log t : (C * ) n → R n is defined by:
(1) Log t (z 1 , . . . , z n ) = (log t |z 1 |, . . . , log t |z n |).
Clearly the inverse image of every point is an (S
is the image of Y in R n under the logarithm map Log t [GKZ08] . The amoeba A t (Y ) is a closed and unbounded subset of R n . It can be shown that the connected components of its complement are convex. An amoeba goes to infinity along certain directions usually called its tentacles (and hence the name amoeba). See [Mikhalkin04] , [Maclagan-Sturmfels04, Section 1.4] for introduction to the notion of amoebae. The following is well-known ( [Jonsson16] ). In this paper, we suggest the logarithm of singular values of a matrix in GL(n, C) as an analogue of logarithm map in torus (C * ) n for GL(n, C). There is a notion of "tropicalization map" for a so-called spherical homogeneous space (see [Vogiannou, Kaveh-Manon, Nash] ). It is usually referred to as spherical tropicaliztion map. This general construction in particular applies to the matrix group GL(n, C). Recall that K = C((t)) denotes the field of formal Laurent series. The spherical tropicalization map in this case is the map GL(n, K) → Z n which sends a matrix A(t) ∈ GL(n, K) to its invariant factors (as in the Smith normal form theorem). In fact one usually considers the map GL(n, K) → Q n where K is the field of formal Puiseux series.
Some background material from linear algebra
In this section we review some well-known statements from linear algebra. There is an analogue of the singular value decomposition for matrices over the field of fractions of a principal ideal domain.
Theorem 4.2 (Smith Normal Form). Let O be a principal ideal domain with field of fractions K. Consider a matrix A ∈ Mat(n, K). Then A can be written as:
where P , Q ∈ GL(n, O) and τ is a diagonal matrix diag(a 1 , . . . , a n ) such that a 1 |a 2 | · · · |a n (for a, b ∈ K we say a|b if b/a ∈ O). The diagonal entries of τ are called the invariant factors of A.
Let A(t) be an n × n matrix whose entires A ij (t) are Laurent series in t and over C. Since the ring of formal power series C[ [t] ] is a PID, the Smith normal form theorem applies to A(t) and states that it can be written as:
where P (t), Q(t) are n × n matrices with power series entries such that their determinants are invertible power series, and τ (t) is a diagonal matrix of the form τ (t) = diag(t v1 , . . . , t vn ) with v 1 , . . . , v n integers. By abuse of terminology, we refer to v 1 , . . . , v n as the invariant factors of A(t).
Finally we recall the Hilbert-Courant min-max principle about the eigenvalues of a Hermitian matrix (see [?, Section 8]).
Theorem 4.3 (Min-max principle). Let H be an n × n Hermitian matrix with eigenvalues λ 1 ≤ · · · ≤ λ n . Then:
and
In the above, (x, y) = n i=1 x iȳi denotes the standard Hermitian product in C n .
Proof of main result
We now give a proof of Theorem 1.1. We will use the following lemma.
Then there are constants 0 < m < M such that for sufficiently small t and any x ∈ C n with ||x|| = 1, we have ||P (t)x|| lies between m and M .
Proof of Theorem 1.1. Throughout the proof we write A t in place of A(t). We first show that for any 1 ≤ k ≤ n we have lim
By the Smith Normal Form theorem we can write
where τ t is a diagonal matrix diag(t v1 , . . . , t vn ) and P t , Q t ∈ GL(O). The k-th singular value d k (t) of A t is the square root of the k-th eigenvalue of A * t A t . We note that for any x ∈ C n , (A * t A t x, x) = (A t x, A t x). By (2) we then have:
Fix a subspace W ⊂ C n with dim(W ) = k. Then:
Let y t = Q t x and z t = τ t Q t x. Then: (A t x, A t x) (x, x) = (P t z t , P t z t ) (z t , z t ) · (τ t y t , τ t y t ) (y t , y t ) · (Q t x, Q t x) (x, x) .
